Abstract. -Electrostatic properties of polymers have been studied by numerical measurements of the capacitance, polarizability of unrestricted and self-avoiding random walks. The electrostatic shapes of random walks have been found to be significantly more aspherical than could be predicted from the components of the squared radius of gyration. Proportionality coefficients of various scaling properties have been established, and a very strong correlation between the shape tensor and the polarizability tensor has been found.
The lack of spherical symmetry of individual configurations of polymer molecules has been pointed out a long time ago by Kuhn [l] . Typically, the longest linear dimension of a configuration is over three times longer than the shortest one. The need to properly account for that asymmetry in the treatment of polymer viscosity, birefringence, diffusion and dielectric relaxation has resulted in numerous numerical [2] and analytical [3, 4] studies of the self-avoiding walks (SAWS) and the unrestricted random walks (URWs). Most of the analytical studies considered the URWs [3] , and only recently the shapes of SAWs have been analysed [4] to the first order in an ~= 4 -d expansion (d is the space dimension). While all the studies stressed the importance of the asymmetry for the physics of polymers, they concentrated on the investigation of the geometrical properties of the random walks, such as various moments of the mass distribution tensor.
The behaviour of certain physical quantities can be guessed from general scaling considerations. E.g. , the hydrodynamic radius of a polymer and the electric capacitance of a conducting polymer should be proportional to the radius of gyration (r.m.s. size) R, of the object, and therefore their mean values should scale as U, where L is the length of the polymer, while v = 112 and 0.59 for URW and SAW, respectively [51. Such arguments, however, cannot predict the proportionality coefficients in those relations. The situation is even worse with respect to the more subtle properties related to the shape of the polymers. While it seems to be reasonable to assume that the asphericity of the geometry implies asphericity of the physical properties, there is no simple way to relate the physical and the geometrical shapes, since hydrodynamic or electric properties involve long-range interactions between the monomers. In this work I considered the simplest physical property characterizing the polymers: the behaviour of random conducting walks in an external electric field. One may visualize the problem as a solution of electrostatic equations for a long folded conducting wire embedded in a three-dimensional space. The scalar nature of the underlying problem (potential fields or charge distributions) simplifies the numerical treatment. By measuring the capacitance and polarizability of the random walks, I determined such basic features, as the electrostatic size and shape of the polymers, and investigated the correlations between these properties and the simple geometrical characteristics of the random walks. The mean electrostatic size of polymers is proportional to their R,, although the proportionality coefficient is smaller than could be expected. I have shown that the .electric shape. of a random walk is significantly more aspherical than its *geometrical shape.. Despite those differences, the main axes of the polarizability and geometrical shape tensors almost coincide, and there is a strong correlation between the geometry and the physics: the knowledge of the lowest moments of the mass distribution in a particular random walk determines with a high degree of certainty the information about the polarizability of that walk.
The model system used in this work closely approximates a chain consisting of L + 1 small conducting spheres (L = 2,4,8, ..., 128) of radius b, connected by conducting wires of negligibly small diameter. The separation between the centres of two neighbouring spheres is taken to be the unit of length, while b = 1/4 in those units. The chain is folded into a shape of a (self-avoiding or unrestricted) random walk of L steps, which has been generated on a three-dimensional simple cubic lattice. Each sphere is located on a lattice site. The unknowns of the electrostatic problem are the charges qi situated on the sites i along the chain. The interaction energy between two charges a distance rii apart is qiqj/rij, while the self-interaction energy of a charge qi is qf/2b. (In the case of URW the positions of two, or more, spheres may coincide. In such a case they are treated as a single sphere.) Any electrostatic problem in this model can be solved by minimizing the total energy with respect to qi)s under appropriate constraints, such as constraint on the total charge and the behaviour of the potential at an infinite distance from the chain. This simply reduces to a set of linear equations with unknown qls. One should bear in mind that the discrete energy function only approximates the true energy of such a chain in a continuous three-dimensional space. In particular, it ignores the dipole and higher multipole interactions between the neighbouring spheres. The two problems coincide only in the limit b 4 0. However, in d = 3 for any choice of b the total energy of sufficiently long chains will be determined by the interactions between remote charges, while the short-distance interactions will become negligible. In order to obtain a fast crossover into the long-distance-dominated asymptotic regime one needs to choose large b, thus reducing the self-interaction energy. However, to ensure the stability(l) of the electrostatic solution one must use b < 1/2 (i.e. the diameter of the spheres cannot exceed the distance between the centres of neighbouring spheres). I chose b = 1/4, which is a convenient compromise between those opposing requirements. The numerical procedure began by generating a complete set of all self-avoiding and unrestricted random walks of lengths L=2,4,8, and random sets of loo0 (mutually uncorrelated) random walks for each of the lengths L = 16, 32, 64, 128. Self-avoiding walks have been generated using *dimerization* procedure, i.e. using L-step walks to construct %step walks [6]. Due to negligible attrition, this is an extremely efficient procedure for generating correctly weighted sets of long self-avoiding walks (see footnote (' 1). Analysis of the geometrical and electric properties has been performed for each chain. It included: The behaviour of such an ellipsoid in an external electric field E is determined by the depolarization tensor i@, which relates that field to the induced dipole moment P via relation (47rfV.J N$ Ps = E,. The principal eigendirections of the tensor coincide with the directions of the ellipsoid axes, and the sum of its eigenvalues (depolarization coefficients)
Since the capacitance of an object of a given shape is proportional to its linear dimensions, one expects the ensemble averaged value (C,) to scale as D. The depolarization coefficients do not depend on the overall size of the ellipsoid, but only on its shape. Therefore, they are expected to approach constant values as L + W .
b) The simplest measure of the .electrostatic size. of the walk can be obtained from a direct measurement of its capacitance C,. This is done by assuming that the entire chain has a constant potential $ = 1, and finding the charge distribution which generates such a potential at every site. The capacitance is C, = qi. As its .geometric>> counterpart the ensemble averaged value (C,) of the true capacitance C, is expected to scale as L". The ratio ,U' = (C,)/( C,) can be used as an indicator of the ratio of the .geometric>> and <<electrostatic. linear dimensions of the walks.
c) The crudest indicator of the .electrostatic shape" of a random walk is the polarizability tensor r which relates the external field to the dipole moment of the chain:
Pa=I'gEB. Its components can be found by calculating the charge distribution on an uncharged conducting random walk embedded in an external electric field of unit strength. The chain is equipotential, and therefore, for an external field applied in direction a, the part of the potential on the site i generated by other charges (not by the external field) must increase as ri,, + c, where c is as yet an unknown constant. For any value of c we can find the corresponding charge distribution { q p } . However, this does not ensure the overall neutrality of the chain. Thus, an additional equation, requiring that qp) = 0 is used to set the value of c. The procedure is repeated for each of the directions oflthe external field, i.e. for a = 1,2,3. The elements of the polarizability tensor r can then be found from r,, = q f ) q P .
One may use the eigenvalues of F+, denoted y1 2 y2 5 y3, to define an equivalent conducting ellipsoid with identical polarizability. The depolarization coefficients nt) and the volume V, of the ellipsoid are defined via three relations ya = V e / ( 4 m 9 (a = 1,2,3) , supplemented by the relation nt) = 1. The larger ellipse in fig. 1 It is interesting to notice that in both cases ,U' =p" although they represent different measures of the linear size. The delinitions of the linear measures of the geometrical and electrostatic sizes involve some arbitrary choices of prefactors; nevertheless, with the given choice the linear electrostatic size looks smaller than one could expect (i.e. p s are larger than expected). The equivalent electrostatic ellipsoid in fig. 1 looks bigger than its geometric counterpart. However, its third dimension (perpendicular to the plane of the drawing) and its total volume are smaller than those of the geometrical ellipsoid. Indeed the departure from sphericity is much larger in the electrostatic case. Figure 2 depicts the (l/L)-dependence of the measured depolarization coefficients de) and the depolarization coefficients n@) calculated for an equivalent geometric ellipsoid for SAWs. For a perfect sphere n, = % = % = 1/3. The larger asphericity of the electrostatic ellipsoid is clearly seen. Similar results have been obtained for URWs (see footnote (l)). Such differences can be understood: the polarizability of a walk depends primarily on the shape and size of its boundaries. Thus, a single <<arm>> sticking out of otherwise spherical dense collection of sites may have little influence on T, but may significantly modify r. This, apparently, leads to greater sensitivity of r to shape fluctuations, and, therefore, to larger mean asphericity.
Until now only the average values of nce)'s have been discussed. Those coefficients exhibit extremely large fluctuations reaching 50% for n?) (see footnote (l) ). This fact, combined with the different sensitivity of the electrostatic and geometric shapes to fluctuations might lead one to believe that the knowledge of geometry does not contain much information about the polarization. Surprisingly, this is not true: fig. 3 depicts the de) vs. n@) for a sample of 100 SAWs of length L = 128. An extremely strong correlation is observed. While for a given value of n@) we still observe -10% scatter in the corresponding de), it is significantly smaller than the overall fluctuations of those coefficients. Thus, the ordered components of R i have a large predictive power regarding the polarizability of a polymer. Similar, but somewhat weaker correlations are observed in URWs.
In this work a first detailed study of a simple physical property-electrostatic behaviour of random walks-has been performed. The work both confirmed the expected scaling relations and established various, previously unknown, prefactors. The polarizability has been found to be Significantly more anisotropic than can be expected from the shape tensor. Nevertheless, the shape tensor can be used to predict the electric behaviour with reasonable accuracy in specific (not ensemble-averaged) configurations. Since all the results are either scaled with respect to R, or are independent of the overall size of the polymer, they can be directly applied to real polymers. The dielectric properties of nonconducting polymers can be deduced from these results using elementary methods of electrostatics [7] .
It is conceivable that some electric properties of URWs can be calculated analytically. However, the analogous quantities for SAWS will, probably, rely on the numerical simulations for quite some time. Most of the results in this study were reasonably well converged and accurate already for L = 128 and sample sizes of 1000 chains. ( 
